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Abstract
In this article we consider the continuity of the eigenvalues of the connection
Laplacian of G-connections on vector bundles over Riemannian manifolds. To
show it, we introduce the notion of the asymptotically G-equivariant measured
Gromov-Hausdorff topology on the space of metric measure spaces with isometric
G-actions, and apply it to the total spaces of principal G-bundles equipped with
G-connections over Riemannian manifolds.
1 Introduction
For a closed connected Riemannian manifold (X, g), the Laplace operator is
defined by
∆f := d∗df
for any smooth functions f on X , where d∗ is the formal adjoint of exterior
derivative d. As one of the fundamental results of harmonic analysis, we
obtain the orthonormal basis {fj}j of L
2(X) and eigenvalues
0 = λ1 < λ2 ≤ λ3 ≤ · · ·
such that limj→∞ λj =∞ and ∆fj = λjfj.
Here, we consider the function λj, which maps the isometric class of
closed Riemannian manifolds to the j-th eigenvalue of its Laplacian. In [3],
Fukaya has shown the continuity of λj with respect to the measured Gromov-
Hausdorff topology under the assumptions that the sectional curvatures of
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Riemannian manifolds are bounded. He also conjectured that the continuity
should holds if the lower bound of the Ricci curvatures are given.
His conjecture was solved by Cheeger and Colding in [2]. They defined
the Laplacian on the metric measure space (X, d, µ) which is the measured
Gromov-Hausdorff limit of a sequence of smooth connected closed Rieman-
nian manifolds {(Xi, gi)} with
diam(Xi) ≤ D, Ricgi ≥ κgi
for some constant D > 0 and κ ∈ R, then they showed that
lim
i→∞
λj(Xi, gi) = λj(X, d, µ).
Here, (Xi, gi) can be regarded as a metric measure space by the Riemannian
distance dgi and the provability measure
µgi
µgi (X)
, where µgi is the Riemannian
measure.
On the Riemannian manifolds, the Laplace operators can be also defined
for the differential forms or smooth section of vector bundle with the met-
ric connections. In [9], Lott discussed with the eigenvalues of the Laplacian
acting on differential forms on the Riemannian manifolds with bounded sec-
tional curvatures and diameters, but may be collapsing. He also discussed
with the eigenvalues of the Dirac operators in [8]. Recently, in [4], Honda
showed the continuity of the eigenvalues of the Hodge Laplacian acting on
the 1-forms with respect to the measured Gromov-Hausdorff topology under
the assumption that the Ricci curvatures are bounded from below and above,
the diameters are bounded from above and the volumes are bounded from
below. He also showed the continuity of the eigenvalues of connection Lapla-
cian acting on the tensor bundle of cotangent bundles and tangent bundles
under the same assumptions.
In another direction, Kasue showed the convergence of the eigenvalues of
the connection Laplacians on vector bundles over the Riemannian manifolds
who have the uniform estimates of heat kernels in [6]. He considered the
vector bundle Eρ = P ×ρ V with G-connection ∇ on a smooth Riemannian
manifold (X, g). Here, P is a principal G-bundle, (ρ, V ) is a representation
of G, P ×ρ V is the associate bundle and ∇ = ∇
A is the connection on Eρ
induced by a connection form A ∈ Ω1(P, g). Then the connection Laplacian
∇∗∇ acting on Γ(E) can be identified with the Laplacian of the certain Rie-
mannian metric h = h(g, A, σ) on P determined by g, A and an bi-invariant
metric σ on G.
In this article, we also consider the continuity of the connection Laplacian
on Eρ. The difference between [6] and this article is the topologies on the
space of the vector bundles with connections. In this article we introduce
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the asymptotically G-equivariant measured Gromov-Hausdorff topology on
the space of compact metric spaces with isometric G-actions. Then we can
define the convergence of the sequence of {(Pi, Ai)}i, where Pi is a principal
G-bundle over a Riemannian manifold (Xi, gi) and Ai is a G-connection on
Pi. Denote by λ
ρ
i,j the j-th eigenvalue of ∇
Ai∗∇Ai acting on Γ(Pi×ρ V ). The
aim of this article is to show that if {(Pi, Ai)}i is the convergent sequence,
then the limit limi→∞ λ
ρ
i,j exists for any j and (ρ, V ). As a consequence, we
have the following theorem.
Theorem 1.1. Let G be a compact Lie group and (ρ, V ) is a real unitary rep-
resentation of G. For any κ ∈ R, D,N > 0 and j ∈ Z≥0, there exist constants
0 ≤ Cj depending only on n, κ,D,N, j, G, ρ, V such that limj→∞Cj =∞ and
the following holds. For any closed Riemannian manifold (X, g) of dimension
n and principal G-bundle pi : P → X with the G-connection A such that
dimX = n, Ricg ≥ κg, diamX ≤ D,
‖(d∇
A
)∗FA‖L∞ ≤ N, ‖F
A‖L∞ ≤ N,
we have
λ∇
A
j ≥ Cj,
where FA ∈ Ω2(X,Eρ) is the curvature form of A.
Kasue has also shown the convergence of the eigenvalues of connection
Laplacians under the spectral topology in [6]. Accordingly, we will be able to
obtain Theorem 1.1 by showing the equivalence between the spectral topology
and the measured Gromov-Hausdorff topology. He also argued the relation
between them in [5]
Theorem 1.1 is proved as follows. To discuss with the connection Lapla-
cian ∇∗∇, we need the relation between
∇∗∇ : Γ(Eρ)→ Γ(Eρ)
and the Laplacian ∆ of h on P . In Section 2 we review the relation between
the sections of Eρ and G-equivariant V -valued smooth functions on P . Next
we construct the Riemannian metric h on P from (X, g), A then show that
∇∗∇ is related to the Laplacian of h along [6][8] in Sections 3 and 4. In
Section 5 we compute the Ricci curvature of h, and we will see that the
boundedness of ‖FA‖L∞ and ‖(d
∇A)∗FA‖L∞ in the assumption of Theorem
1.1 is necessary to give the lower bound of the Ricci curvature of h. In Sec-
tion 6, we introduce the notion of the asymptotically G-equivariant measured
3
Gromov-Hausdorff convergences for the sequences of compact metric measure
spaces with isometric G-actions, then show that if the sequence is precom-
pact with respect to the measured Gromov-Hausdorff topology, then it is
also precompact with respect to the asymptotically G-equivariant measured
Gromov-Hausdorff topology. In Sections 7 and 8, we review the results for
the convergence of spectral structures on some metric measure spaces along
[2][7] and apply them to our situation, then we see that these arguments are
compatible with the G-actions.
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2 Connections on principal bundles
Let X be a smooth manifold and pi : P → X be a principal G-bundle. A
G-connection on P is a differential form A ∈ Ω1(P )⊗ g satisfying
Au(ξ
♯
u) = ξ, R
∗
γA = Adγ−1A
for all u ∈ P , ξ ∈ g and γ ∈ G. Here, ξ♯ ∈ X (P ) is the vector field generated
by ξ ∈ g, defined by
ξ♯u :=
d
dt
∣∣∣∣
t=0
u exp(tξ).
The G-connection determines the horizontal distribution H = {Hu}u∈P by
Hu := KerAu ⊂ TuP . The curvature form F
A ∈ Ω2(P )⊗ g is defined by
FA := dA|H = dA+
1
2
[A ∧A].
2.1 Local trivialization
Let (U, x1, . . . , xn) be a local coordinate on X and we suppose that P |U =
pi−1(U) = U×G. Let vˆu ∈ Hu be the horizontal lift of vx ∈ TxX . Now we have
T(x,γ)P = TxX ⊕ TγG, and let e1, . . . , ek ∈ g be a basis. Then {∂i =
∂
∂xi
, e♯α}
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becomes a basis of T(x,γ)P , where (e
♯
α)γ = (Lγ)∗eα. Let A
α
i : U × G → R be
defined by
Aαi (x, γ)eα := Ax,γ((∂i)x).
Then we have
Aαi (x, γ)eα = Adγ−1{A
α
i (x, 1)eα},
(∂ˆi)(x,γ) = (∂i)x − A
α
i (x, γ)(e
♯
α)γ.
Now, we fix a real unitary representation ρ : G→ O(V ) for a vector space V
with inner product, and have
ΩkB(P, ρ, V ) = {τ ∈ Ω
k(P )⊗ V ; R∗γτ = ρ(γ
−1)τ, ιξ♯τ = 0}.
For the associate vector bundle Eρ := P ×ρ V , we have the natural identifi-
cation
Ωk(X,Eρ) ∼= Ω
k
B(P, ρ, V ).
In particular, the correspondence between τ ∈ Γ(X,Eρ) and τˆ ∈ Ω
0
B(P, ρ, V )
is given by
τ(x) = u×ρ τˆ (u) (u ∈ pi
−1(x)).
Denote by ∇A the covariant derivative on Eρ, then ∇τ corresponds to dτˆ |H
under the identification Ω1(X,Eρ) ∼= Ω
1
B(P, ρ, V ). Under the direct decom-
position TuP = Hu ⊕Ker dpiu, we have
dτˆ = dτˆ |H + dτˆ |Ker dπ.
For ξ ∈ g we have
dτˆu(ξ
♯
u) =
d
dt
∣∣∣∣
t=0
τˆ (u exp(tξ))
=
d
dt
∣∣∣∣
t=0
ρ(exp(−tξ))τˆ(u) = −ρ∗(ξ)τˆ(u),
hence we obtain
dτˆ = dτˆ |H − ρ∗ ◦ A(·)τˆ , (1)
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3 Riemannian metric on P
In this section we describe the relation between the rough Laplacian on the
associate bundle Eρ and the Laplacian on P for the certain metric along
[6][8].
Fix an AdG-invariant metric σ on g and define a Riemannian metric
h = h(g, A, σ) (2)
on P by
hij := h(∂ˆi, ∂ˆj) = g(∂i, ∂j) =: gij,
hiα = h(∂ˆi, e
♯
α) = 0,
hαβ := h(e
♯
α, e
♯
β) = σ(eα, eβ) =: σαβ .
By the decomposition (1), we have
h−1(dτˆ0, dτˆ1) = h
−1(dτˆ0|H , dτˆ1|H) + σ
αβ〈ρ∗(eα)τˆ0, ρ∗(eβ)τˆ1〉V
= gij〈∇A∂iτ0,∇
A
∂j
τ1〉Eρ − 〈σ
αβρ∗(eβ)ρ∗(eα)τˆ0, τˆ1〉V .
Therefore by integrating on P we have∫
P
d∗dτˆ0 · τˆ1 dvolh =
∫
P
〈(∇A)∗∇Aτ0, τ1〉Eρdvolh
−
∫
P
〈σαβρ∗(eβ)ρ∗(eα)τˆ0, τˆ1〉V dvolh
for any τ0, τ1 ∈ Γ(X,Eρ), which gives
∆hτˆ = ∆̂Aτ − σαβρ∗(eβ)ρ∗(eα)τˆ ,
where ∆h = d∗d is the Laplacian of h acting on the functions and ∆A =
(∇A)∗∇A is the rough Laplacian acting on the sections of Eρ.
Here,
σαβρ∗(eα)ρ∗(eβ) : V → V
is a G-equivariant map whose eigenvalues are real and nonpositive. Con-
sequently, if (ρ, V ) is an irreducible representation, then by the following
lemma we may write
σαβρ∗(eα)ρ∗(eβ) = −χσ,ρ
for some nonnegative number χσ,ρ, called Casimir invariant, determined by
(ρ, V ) and σ.
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Lemma 3.1. Let (ρ, V ) be an irreducible real G-representation and Φ: V →
V be a G-equivariant linear map which has at least one real eigenvalue. Then
there is a ∈ R such that Φ = a · idV .
Proof. Let a ∈ R be an eigenvalue of Φ and V (a) ⊂ V be the eigenspace
associate with a ∈ R. Since V (a) is a subrepresentation of V , V (a) = V
holds since V is irreducible.
4 Eigenspaces
Let X,P,G,Eρ, ρ, V, h, A be as above. For λ ∈ R put
WEρ(λ) := {s ∈ Γ(Eρ); ∆
As = λs},
W h(λ) := {f ∈ C∞(P ); ∆hf = λf},
then we can see
(W h(λ)⊗ V )G = {f ∈ C∞B (P, ρ, V ); ∆
hf = λf}.
By the previous section we obtain an isomorphism
(W h(λ)⊗ V )G
∼=
−→ WEρ(λ− χσ,ρ)
∈ ∈
τˆ 7−→ u×ρ τˆ .
5 Curvature
In this section we compute the curvature of h(g, A, σ). Define F αij ∈ C
∞(P |U)
by
F αijeα := F
A(∂ˆi, ∂ˆj) ∈ g,
and let Γkij be the Christoffel symbols of g. By Section 3, we have
[∂ˆi, ∂ˆj ] = −F
α
ije
♯
α, [∂ˆi, e
♯
β] = 0, [e
♯
α, e
♯
β] = [eα, eβ]
♯,
∇∂ˆi ∂ˆj = Γ
k
ij ∂ˆk −
1
2
F αije
♯
α, ∇e♯αe
♯
β =
1
2
[eα, eβ]
♯,
∇∂ˆie
♯
β = ∇e♯
β
∂ˆi =
gkhσ(Fih, eβ)
2
∂ˆk =
gkhF αihσαβ
2
∂ˆk,
where Fij = F
α
ijeα. Moreover the 2nd Bianchi identity yields
0 = dFA(∂ˆi, ∂ˆj , ∂ˆk) = ∂ˆi(Fjk)− ∂ˆj(Fik) + ∂ˆk(Fij).
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Now we denote by Rˆ the curvature tensor of h, and by R that of g. Then we
have
Rˆ(∂ˆi, ∂ˆj)∂ˆk = R
l
ijk∂ˆl +
∂ˆk(F
α
ij)− F
α
ilΓ
l
jk − F
α
ljΓ
l
ik
2
e♯α
+
glhσαβ
4
(2F αijF
β
kh − F
α
jkF
β
ih − F
α
kiF
β
jh)∂ˆl,
Rˆ(∂ˆi, e
♯
α)∂ˆj =
glhσαβ
2
(∂ˆi(F
β
jh)− F
β
jkΓ
k
ih − F
β
khΓ
k
ij)∂ˆl
−
gkhF βjhF
µ
ikσαβe
♯
µ
4
+
e♯α(F
β
ij)e
♯
β
2
+
F βij [eα, eβ]
♯
4
,
Rˆ(∂ˆi, e
♯
α)e
♯
β =
gkh(F µihσ(eµ, [eα, eβ])− 2e
♯
α(F
µ
ih)σµβ)
4
∂ˆk
−
gkhF µihσµβg
lpF δkpσδα
4
∂ˆl,
Rˆ(e♯α, e
♯
β)e
♯
µ =
[eµ, [eα, eβ]]
♯
4
.
Here, we have
e♯α(F
β
ij)eβ = −F
β
ij [eα, eβ], e
♯
α(F
β
ij)e
♯
β = −F
β
ij [eα, eβ]
♯.
By putting
(∇F )αkij = ∂ˆk(F
α
ij)− F
α
ilΓ
l
jk − F
α
ljΓ
l
ik,
The 2nd Bianchi identity implies
(∇F )αijk + (∇F )
α
jki + (∇F )
α
kij = 0,
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therefore we obtain
Rˆ(∂ˆi, ∂ˆj)∂ˆk = R
l
ijk∂ˆl +
(∇F )αkij
2
e♯α
+
glhσαβ
4
(2F αijF
β
kh − F
α
jkF
β
ih − F
α
kiF
β
jh)∂ˆl,
Rˆ(∂ˆi, e
♯
α)∂ˆj =
glhσαβ(∇F )
β
ijh
2
∂ˆl −
gkhF βjhF
µ
ikσαβe
♯
µ
4
−
F βij[eα, eβ]
♯
4
,
Rˆ(∂ˆi, ∂ˆj)e
♯
α = −
glhσαβ(∇F )
β
hij
2
∂ˆl −
gkh(F βjhF
µ
ik − F
β
ihF
µ
jk)σαβe
♯
µ
4
−
F βij[eα, eβ]
♯
2
,
Rˆ(∂ˆi, e
♯
α)e
♯
β = −
gkhF µihσ(eµ, [eα, eβ])
4
∂ˆk −
gkhF µihσµβg
lpF δkpσδα
4
∂ˆl,
Rˆ(e♯α, e
♯
β)∂ˆi =
gkhF µihσ(eµ, [eα, eβ])
2
∂ˆk
+
gkhF µihg
lpF δkp(σµβσδα − σµασδβ)
4
∂ˆl,
Rˆ(e♯α, e
♯
β)e
♯
µ =
[eµ, [eα, eβ]]
♯
4
.
Hence the Ricci curvature of h is given by
Rˆic(∂ˆj , ∂ˆk) = Ricjk −
gihσαβF
α
kiF
β
jh
2
,
Rˆic(∂ˆj , e
♯
β) = −
gihσβµ(∇F )
µ
hij
2
,
Rˆic(e♯β, e
♯
µ) =
gkhF αhiσαµg
ipF δkpσδβ
4
+
σαδσ([eα, eβ], [eδ, eµ])
4
.
Now, define F ∗F ∈ Γ(Symm2(H
∗))⊗ Symm2(g) by
F ∗F = gklF αikF
β
jl∂ˆ
i ⊗ ∂ˆj ⊗ eα ⊗ eβ
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where H∗ → P is the dual of the horizontal distribution H → P and {∂ˆi}i is
the dual basis of {∂ˆi}i. Note that {(d
∇)∗F}µj = −g
ih(∇F )µhij. Then we have
Rˆic(∂ˆj , ∂ˆk) = Ricjk −
(F ∗F )αβjk σαβ
2
,
Rˆic(∂ˆj , e
♯
β) =
{(d∇)∗F}µj σβµ
2
,
Rˆic(e♯β, e
♯
µ) =
gjk(F ∗F )αδjkσαβσδµ
4
+
σαδσ([eα, eβ], [eδ, eµ])
4
.
6 G-structures on metric spaces
In Section 3, we have shown that pi : (P, h)→ (X, g) is a Riemannian submer-
sion and every G-orbit is totally geodesically embedded in P and isometric
to (G, σ). Conversely, if (P, h) is a Riemannian manifold with isometric free
G-action for a compact Lie group G and every G-orbit is isometric to (G, σ),
then X = P/G is a smooth manifold with a Riemannian metric g such that
pi : (P, h)→ (X, g) is a Riemannian submersion, and the horizontal distribu-
tion of P defines a G-connection. We generalize this picture to the metric
spaces.
In this article, G-actions on the metric spaces always mean the right
actions, and the maps
P ×G −→ P
∈ ∈
(u, γ) 7−→ uγ
are always supposed to be continuous. We denote by u¯ ∈ P/G the equivalence
class represented by u ∈ P .
Proposition 6.1. Let G be a compact topological group, and (P, d) be a
metric space with isometric continuous right G-action. Then the quotient
map pi : (P, d) → (P/G, d¯) is a submetry, where d¯ is a distance function on
P defined by d¯(u¯0, u¯1) := infg∈G d(u0, u1g).
Proof. Let D(u0, r) := {u1 ∈ P ; d(u1, u) ≤ r}. We show pi(D(u0, r)) =
D(u¯0, r) for all u0 ∈ P and r > 0. Let u1 ∈ D(u0, r). Then d¯(u¯0, u¯1) ≤
d(u0, u1) ≤ r, hence we have pi(u1) = u¯1 ∈ D(u¯0, r). Conversely, if u¯1 ∈
D(u¯0, r), then there exists g ∈ G such that d(u0, u1g) = d¯(u¯0, u¯1) ≤ r,
consequently u¯1 ∈ pi(D(u0, r)).
For a topological space X , we denote by C0(X) the set consisting of all
continuous functions on X with compact support.
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Throughout of this paper (P, d, ν) is called metric measure space if (P, d)
is a metric space and ν is a Borel Radon measure such that ν(B(p, r)) is
finite for any p ∈ P and r > 0.
Definition 6.2.
(1) Let (P ′, d′) and (P, d) be metric spaces. A map φ : P ′ → P is an ε-
isometry if (i) |d′(u0, u1)− d(φ(u0), φ(u1))| < ε for any u0, u1 ∈ P
′, (ii)
P ⊂ B(f(P ′), ε).
(2) Let {(Pi, di, νi)}i be a sequence of metric measure spaces. A metric
measure space (P∞, d∞, ν∞) is the measured Gromov-Hausdorff limit of
{(Pi, di, νi)}i if there are positive numbers {εi}i with limi→∞ εi = 0
and Borel εi-isometries φi : Pi → P∞ for every i such that φi∗νi → ν∞
vaguely as i→∞, that is,
lim
i→∞
∫
P∞
fdφi∗νi =
∫
P∞
fdν∞
holds for any f ∈ C0(P∞).
(3) Let {(Pi, di, νi, pi)}i be a sequence of pointed metric measure spaces. A
pointed metric measure space (P∞, d∞, ν∞, p∞) is the pointed measured
Gromov-Hausdorff limit of {(Pi, di, νi, pi)}i if there are positive numbers
{εi}i, {Ri}i and R with limi→∞ εi = 0, limi→∞Ri = R and Borel εi-
isometries
φi : (B(pi, Ri), pi)→ (B(p∞, R), p∞)
for every i such that φi∗(νi|B(pi,Ri))→ ν∞|B(p∞,R) vaguely.
Definition 6.3. Let G be a compact topological group.
(1) Let (P ′, d′) and (P, d) be metric spaces with isometric G-action. A map
φ : P ′ → P is an ε-approximation of G-equivariant isometry if φ is an
ε-isometry satisfying d(φ(u′γ), φ(u′)γ) < ε for any u′ ∈ P ′ and γ ∈ G.
Moreover if φ is a Borel map then it is called a Borel ε-approximation
of G-equivariant isometry.
(2) Let {(Pi, di, νi)}i be a sequence of metric measure spaces with iso-
metric G-action. A metric measure space (P∞, d∞, ν∞) with isometric
G-action is called the asymptotically G-equivariant measured Gromov-
Hausdorff limit of {(Pi, di, νi)}i if there is a Borel εi-approximation of
G-equivariant isometry φi : Pi → P∞ for each i such that limi→∞ εi = 0
and φi∗νi → ν∞ vaguely as i→∞.
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(3) Let {(Pi, di, νi, pi)}i be a sequence of pointed metric measure spaces with
isometric G-action. A pointed metric measure space (P∞, d∞, ν∞, p∞)
with isometric G-action is the pointed asymptotically G-equivariant mea-
sured Gromov-Hausdorff limit of {(Pi, di, νi, pi)}i if there are positive
numbers {εi}i, {Ri}i and R with
lim
i→∞
εi = 0, lim
i→∞
Ri = R,
and Borel εi-approximation of G-equivariant isometry
φi : (pi
−1
i (B(xi, Ri)), pi)→ (pi
−1
∞ (B(x∞, R)), p∞)
for every i such that φi∗(νi|π−1i (B(xi,Ri)))→ ν∞|π
−1
∞ (B(x∞,R))
vaguely. Here,
pi : Pi → Pi/G is the quotient map and xi = pii(pi).
Remark 6.4. In Definition 6.3, φi : Pi → P∞ are not required to be G-
equivariant. If all of φi are G-equivariant, then we obtain another topology
which is already introduced by Lott in [8][9].
We denote by
(Pi, di, νi)
mGH
−→ (P∞, d∞, ν∞) (or Pi
mGH
−→ P∞)
the pair of a sequence of metric measure spaces {(Pi, di, νi)}i and its measured
Gromov-Hausdorff limit (P∞, d∞, ν∞). Similarly, we write
(Pi, di, νi)
G-mGH
−→ (P∞, d∞, ν∞) (or Pi
G-mGH
−→ P∞)
if G acts on (Pi, di, νi) and (P∞, d∞, ν∞), and (P∞, d∞, ν∞) is the asymptot-
ically G-equivariant measured Gromov-Hausdorff limit of {(Pi, di, νi)}i.
Similarly,
(Pi, di, νi, pi)
mGH
−→ (P∞, d∞, ν∞, p∞),
(Pi, di, νi, pi)
G-mGH
−→ (P∞, d∞, ν∞, p∞)
mean the pointed measured Gromov-Hausdorff convergence and the pointed
asymptotically G-equivariant measured Gromov-Hausdorff convergence, re-
spectively.
Remark 6.5. By Remark 2.2 of [7], (Pi, di, νi, pi)
mGH
−→ (P∞, d∞, ν∞, p∞)
iff there are positive numbers {εi}i, {Ri}i, {R
′
i}i and Borel εi-isometries
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φi : B(pi, R
′
i) → B(p∞, Ri) for every i such that limi→∞ εi = 0, limi→∞Ri =
limi→∞R
′
i =∞ and
φi(pi) = p∞, lim
i→∞
∫
B(p∞,Ri)
fdφi∗νi =
∫
B(p∞,Ri)
fdν∞
hold for any f ∈ C0(P∞).
Remark 6.6. If (Pi, di, νi, pi)
G-mGH
−→ (P∞, d∞, ν∞, p∞), then (P∞, d∞, ν∞, p∞)
is the pointed measured compact Gromov Hausdorff limit of {(Pi, di, νi, pi)}i
in the sense of Definition 2.2 in [7].
Proposition 6.7. Let (P, d) and (P ′, d′) be metric spaces with isometric G-
action, and φ : P ′ → P be an ε-approximation of G-equivariant isometry.
Then there exists a 2ε-isometry φ¯ : P ′/G → P/G. Moreover, suppose that
ν and ν ′ are Borel measures on P and P ′ respectively, φ is a Borel map,
and there is a Borel section s′ : P ′/G → P ′, namely, Borel map s′ with
pi′ ◦ s′ = idP ′/G. Then φ¯ is also a Borel map and the following holds. For any
f ∈ C0(P/G) and ε
′ > 0 there exists δ > 0 depending only on ε′ and f such
that if ε ≤ δ then∣∣∣∣∫
X
f d(φ¯∗ν¯
′)−
∫
X
f dν¯
∣∣∣∣ ≤ ν ′(P ′)ε′ + ∣∣∣∣∫
P
f ◦ pi dφ∗ν
′ −
∫
P
f ◦ pi dν
∣∣∣∣
holds, where ν¯ = pi∗ν and ν¯
′ = pi′∗ν
′.
Proof. Put X := P/G, X ′ := P ′/G. First of all we define φ¯ : P ′/G → P/G
such that
|d¯′(u¯0, u¯1)− d¯(φ¯(u¯0), φ¯(u¯1))| < 2ε.
Fix s′ : P ′/G→ P ′ with pi′ ◦ s′ = idP ′/G and put
φ¯(x) := φ(s′(x)).
Note that φ¯ is a Borel map if so are φ and s′.
For x0, x1 ∈ P
′, take γ0 ∈ G such that
d(φ(s′(x0)), φ(s
′(x1))γ0) = d¯(φ¯(x0), φ¯(x1)).
Then we have
d¯′(x0, x1)− d¯(φ¯(x0), φ¯(x1)) = d¯
′(x0, x1)− d(φ(s
′(x0)), φ(s
′(x1))γ0)
< d¯′(x0, x1)− d(φ(s
′(x0)), φ(s
′(x1)γ0)) + ε
< d¯′(x0, x1)− d
′(s′(x0), s
′(x1)γ0) + 2ε
≤ 2ε.
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Take γ1 ∈ G such that d
′(s′(x0), s
′(x1)γ1) = d¯
′(x0, x1). Then we have
d¯(φ¯(x0), φ¯(x1))− d¯
′(x0, x1) = d¯(φ¯(x0), φ¯(x1))− d
′(s′(x0), s
′(x1)γ1)
< d¯(φ¯(x0), φ¯(x1))− d(φ(s
′(x0)), φ(s
′(x1)γ1)) + ε
< d¯(φ¯(x0), φ¯(x1))− d(φ(s
′(x0)), φ(s
′(x1))γ1) + 2ε
≤ 2ε.
Next we show X ⊂ B(φ¯(X ′), 2ε). Let u¯ ∈ X , then there is u′ ∈ P ′ such that
d(u, φ(u′)) < ε. Take γ2 ∈ G such that u
′ = s′(u¯′)γ2. Then we have
d¯(u¯, φ¯(u¯′)) ≤ d(u, φ(s′(u¯′))γ2) < d(u, φ(s
′(u¯′)γ2)) + ε < 2ε,
which implies u¯ ∈ B(φ¯(X ′), 2ε).
Suppose ν and ν ′ are Borel measures on P and P ′ respectively and
f : X∞ → R is a continuous function. Now we have∣∣∣∣∫
X
f d(φ¯∗ν¯
′)−
∫
X
f dν¯
∣∣∣∣ ≤ ∣∣∣∣∫
P ′
f ◦ φ¯ ◦ pi′ dν ′ −
∫
P ′
f ◦ pi ◦ φ dν ′
∣∣∣∣
+
∣∣∣∣∫
P
f ◦ pi dφ∗ν
′ −
∫
P
f ◦ pi dν
∣∣∣∣
≤
∥∥f ◦ φ¯ ◦ pi′ − f ◦ pi ◦ φ∥∥
L∞
ν ′(P ′)
+
∣∣∣∣∫
P
f ◦ pi dφ∗ν
′ −
∫
P
f ◦ pi dν
∣∣∣∣ .
Since the support of f is compact, it is uniformly continuous, therefore for any
ε′ > 0 there is δ > 0 which depends only on ε′ and f such that d¯(x0, x1) < δ
implies |f(x0)− f(x1)| < ε
′. Since
d¯(φ¯ ◦ pi′(u′), pi ◦ φ(u′)) = inf
γ∈G
d(φ(s′(u¯′)), φ(u′)γ)
< inf
γ∈G
d(φ(s′(u¯′)), φ(u′γ)) + ε
< inf
γ∈G
d′(s′(u¯′), u′γ) + 2ε = 2ε,
hence if ε is not more than δ
2
then∣∣∣∣∫
X
f d(φ¯∗ν¯
′)−
∫
X
f dν¯
∣∣∣∣ ≤ ν ′(P ′)ε′ + ∣∣∣∣∫
P
f ◦ pi dφ∗ν
′ −
∫
P
f ◦ pi dν
∣∣∣∣
holds.
As a consequence of Proposition 6.7, we obtain the following results.
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Corollary 6.8. If (Pi, di, νi)
G-mGH
−→ (P∞, d∞, ν∞), Pi and P∞ are relatively
compact and every Pi → Pi/G has a Borel sections, then (Pi/G, d¯i, ν¯i)
mGH
−→
(P∞/G, d¯∞, ν¯∞).
Next we generalize Corollary 6.8 to the pointed noncompact spaces.
Definition 6.9. A metric space is said to be proper if all open balls B(p, r)
are relatively compact.
It is easy to see that subsets of proper metric spaces are compact iff they
are closed and bounded.
Lemma 6.10. Let (P, d) be a metric space, G be a compact topological group
and G acts on P isometrically. Assume that (P/G, d¯) is proper. Then the
quotient map pi : P → P/G is a proper map iff P is proper.
Proof. Suppose pi is proper. Since pi is submetry, pi(B(u, r)) = B(u¯, r) holds
for any u ∈ P and r > 0. Then one can see B(u, r) ⊂ pi−1(B(u¯, r)), hence
B(u, r) is relatively compact. Next we suppose P is proper, then it is lo-
cally compact. For any compact subset K ⊂ P/G we take an open cover
pi−1(K) ⊂
⋃
α Uα. By the locally compactness of P we obtain another open
cover pi−1(K) ⊂
⋃
β Vβ such that every Vβ is relatively compact and contained
in some Uα. Since pi is an open map, {pi(Vβ)}β is an open cover of K, there-
fore we have K ⊂
⋃N
i=1 Vβi for some β1, . . . , βN . Denote by ϕ : P × G → P
the continuous map which defines the G-action on P . Then one can see that
pi−1(K) is contained in ϕ(
⋃
i Vβi × G), which is relatively compact. Since
pi−1(K) is closed, it is compact.
Corollary 6.11. If (Pi, di, νi, pi)
G-mGH
−→ (P∞, d∞, ν∞, p∞), every Pi → Pi/G
has a Borel sections, Pi/G and P∞/G are proper, pii and pi∞ are proper and
ν∞(K) < ∞ holds for any compact subset K ⊂ P∞, then (Pi/G, d¯i, ν¯i)
mGH
−→
(P∞/G, d¯∞, ν¯∞).
Proof. By applying Proposition 6.7 for P ′ = B(pi, ri) and P = B(p∞, r∞),
we can see that (Pi, di, pi) converges to (P∞, d∞, p∞) with respect to pointed
Gromov-Hausdorff topology. To show the vague convergence of measures
by using the inequality in Proposition 6.7, we have to show that f ◦ pi∞ has
compact support and lim supi→∞ νi(B(pi, ri)) <∞ holds if ri → r∞. Since we
suppose that f ∈ C0(B(p¯∞, r)) and pi∞ is proper, then the support of f ◦pi∞
is compact. Next we take f ∈ C0(P∞) such that f = 1 on
⋃
i φi(B(pi, ri)) and
f ≤ 1 everywhere, then one can see lim supi→∞ νi(B(pi, ri)) ≤ ν∞(supp(f)).
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Proposition 6.12. Let (Pi, di)
GH
−→ (P∞, d∞), that is, there are εi-isometry
φi : Pi → P∞ for each i and limi→∞ εi = 0 holds. Suppose that a compact
topological group G acts on every Pi isometrically and P∞ is relatively com-
pact. Moreover assume that the family of continuous maps {Fi,u}i∈Z≥0,u∈Pi,
where
Fi,u : G×G −→ R
∈ ∈
(γ, γ′) 7−→ di(uγ, uγ
′),
is equicontinuous. For any decreasing sequence {εˆk}k with limk→∞ εˆk = 0,
there are a subsequence {(Pik , dik)}k and an isometric G-action on (P∞, d∞)
such that φik is an εˆk-approximation of G equivariant isometry.
Proof. Put
G0 := {γ ∈ G; uγ = u for all u ∈ Xi and i ∈ Z≥0},
then G0 is a closed normal subgroup of G. First of all we induce the metric
on the quotient group G0\G compatible with its quotient topology. For every
u ∈ Pi, let Pi,u be the metric space isometric to Pi and put
X :=
∏
i∈Z≥0,u∈Pi
Pi,u
be the metric space whose distance function is given by
dX ((pi,u)i,u, (qi,u)i,u) := sup
i,u
di(pi,u, qi,u).
Define the injective map fX : G0\G → X by fX (γ) := (uγ)i,u. Here, we
denote by γ the right coset in G0\G represented by γ for the brevity. Then
the induced metric dG := f
∗
XdX on G0\G is given by
dG(γ, γ
′) = sup
i,u
d(uγ, uγ′) = sup
i,u
Fi,u(γ, γ
′).
Denote by O the quotient topology on G0\G and denote by OdG the topology
induced by dG. Since {Fi,u}i,u is equicontinuos, dG : G0\G × G0\G → R is
continuous with respect to O, hence OdG is weaker than or equal to O then
one can see (G0\G,OdG) is compact and fX (G0\G) is closed in X . Now we
can see that fX : (G0\G,O) → X is continuous by the following reason. If
x ∈ X \ fX (G0\G), there exists δ > 0 such that B(x, δ) ⊂ X \ fX (G0\G),
hence f−1X (B(x, δ)) = ∅. If x ∈ fX (G0\G) then there exists γ0 ∈ G such
that fX (γ0) = x and we have f
−1
X (B(x, δ)) = dG(γ0, ·)
−1((−∞, δ)), which is
an open set. Thus we can see that f : (G0\G,O) → fX (G0\G) is a bijective
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continuous map from a compact space to a Hausdorff space, hence it is a
homeomorphism, which implies O = OdG .
Since P∞ and G0\G are compact metric spaces, they are separable. Let
{u(α)}∞α=0 ⊂ P∞, {γ
(β)}∞β=0 ⊂ G0\G
be countable dense subsets.
By the compactness of P∞ and G0\G, we may assume that there are
increasing sequences of integers 0 = K0 < K1 < K2 < · · · and 0 = L0 <
L1 < L2 < · · · such that
Km+1−1⋃
α=Km
B
(
u(α),
1
2m
)
= P∞,
Lm+1−1⋃
β=Lm
B
(
γ(β),
1
2m
)
= G0\G.
First of all we define u(α) · γ(β) ∈ P∞. Take u
(α)
i ∈ Pi such that
d∞(φi(u
(α)
i ), u
(α)) < εi.
Since P∞ is relatively compact, there is a subsequence of {φi(u
(α)
i γ
(β))}i con-
verging to some points in P∞. By repeating this procedure for
(α, β) = (0, 0), (1, 0), (0, 1), (2, 0), (1, 1), (0, 2), . . .
and by the diagonal argument, there is {ik}k=0 ⊂ {i = 0, 1, 2, . . .} such that
{φik(u
(α)
ik
γ(β))}ik converges to the limit. We put
u(α)γ(β) := lim
k→∞
φik(u
(α)
ik
γ(β)),
then we obtain a map
{u(α)}α × {γ
(β)}β → P∞, (u
(α), γ(β)) 7→ u(α)γ(β). (3)
By taking a subsequence {i0,k}k of {ik}k, we may suppose that
d∞(φi0,k(u
(α)
i0,k
γ(β)), u(α)γ(β)) <
1
2k
for any 0 ≤ α < K1, 0 ≤ β < L1 and k ≥ 0. We can take a subsequence
{im,k}k of {im−1,k}k inductively such that
d∞(φim,k(u
(α)
im,k
γ(β)), u(α)γ(β)) <
1
2k
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for any Km ≤ α < Km+1, Lm ≤ β < Lm+1 and k ≥ 0. By replacing ik by
ik,k, we may assume that
d∞(φik(u
(α)
ik
γ(β)), u(α)γ(β)) <
1
2k
for any Km ≤ α < Km+1, Lm ≤ β < Lm+1 and k ≥ m
Next we show the continuity of the above map. We have
d∞(u
(α)γ(β), u(α
′)γ(β
′)) = d∞( lim
k→∞
φik(u
(α)
ik
γ(β)), lim
k→∞
φik(u
(α′)
ik
γ(β
′)))
= lim
k→∞
d∞(φik(u
(α)
ik
γ(β)), φik(u
(α′)
ik
γ(β
′)))
≤ lim sup
k→∞
(
dik(u
(α)
ik
γ(β), u
(α′)
ik
γ(β
′)) + εik
)
= lim sup
k→∞
dik(u
(α)
ik
γ(β), u
(α′)
ik
γ(β
′))
≤ lim sup
k→∞
(
dik(u
(α)
ik
γ(β), u
(α)
ik
γ(β
′))
+ dik(u
(α)
ik
γ(β
′), u
(α′)
ik
γ(β
′))
)
= lim sup
k→∞
(
dik(u
(α)
ik
γ(β), u
(α)
ik
γ(β
′)) + dik(u
(α)
ik
, u
(α′)
ik
)
)
≤ dG(γ
(β), γ(β
′)) + d∞(u
(α), u(α
′)).
which gives the continuity of (3). Then we can extend the map to
P∞ ×G→ P∞, (u, γ) 7→ uγ. (4)
continuously. Next we show that for any uik ∈ Pik and γ ∈ G with φik(uik)→
u, we have φik(uikγ) → uγ. Take u
(α) and γ(β) such that d∞(u
(α), u) and
d(γ
(β), γ) are small. Then one can see
d∞(φik(u
(α)
ik
γ(β)), φik(uikγ)) < dik(u
(α)
ik
γ(β), uikγ) + εik
≤ dik(u
(α)
ik
γ(β), u
(α)
ik
γ)
+ dik(u
(α)
ik
γ, uikγ) + εik
≤ dG(γ
(β), γ) + dik(u
(α)
ik
, uik) + εik
≤ dG(γ
(β), γ) + d∞(φik(u
(α)
ik
), φik(uik)) + 2εik
≤ dG(γ
(β), γ) + d∞(u
(α), u)
+ d∞(φik(uik), u) + 3εik ,
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therefore we obtain
d∞(uγ, φik(uikγ)) < d∞(uγ, u
(α)γ(β)) + d∞(u
(α)γ(β), φik(u
(α)
ik
γ(β)))
+ dG(γ
(β), γ) + d∞(u
(α), u)
+ d∞(φik(uik), u) + 3εik
≤ d∞(u
(α)γ(β), φik(u
(α)
ik
γ(β))) + 2dG(γ
(β), γ)
+ 2d∞(u
(α), u) + d∞(φik(uik), u) + 3εik . (5)
Now, choose α, β such that Kk ≤ α < Kk+1, Lk ≤ β < Lk+1 and
d∞(u
(α), u) < 1
2k
, dG(γ
(β), γ) < 1
2k
. Then by (5) we have
d∞(uγ, φik(uikγ)) ≤
5
2k
+ 3εik + d∞(φik(uik), u), (6)
which implies limk→∞ φik(uikγ) = uγ.
Next we have to show (uγ)γ′ = u(γγ′) for any u ∈ P∞ and γ, γ
′ ∈ G. Take
uik ∈ Pik such that φik(uik) → u as k → ∞. Then we have φik(uikγ) → uγ,
hence φik(uikγγ
′) → (uγ)γ′. Obviously, φik(uikγγ
′) → u(γγ′) also holds,
therefore we obtain (uγ)γ′ = u(γγ′).
One can see that the action on P∞ is isometric since
d∞(u0γ, u1γ) = lim
k→∞
d∞(φik(u0,ikγ), φik(u1,ikγ))
= lim
k→∞
dik(u0,ikγ, u1,ikγ)
= lim
k→∞
dik(u0,ik , u1,ik)
= lim
k→∞
d∞(φik(u0,ik), φik(u1,ik)) = d∞(u0, u1).
where φik(u0,ik)→ u0, φik(u1,ik)→ u1.
By (6), we have
d∞(φik(u
′γ), φik(u
′)γ) ≤
5
2k
+ 3εik ,
for some β with dG(γ
(β), γ) < 1
2k
, which implies that φik is an
5
2k
+ 3εik-
approximation of G-equivariant isometry.
Remark 6.13. Suppose Pi is compact. The following map
Pi ×G×G −→ R
∈ ∈
(u, γ, γ′) 7−→ di(uγ, uγ
′),
is continuous, hence uniformly continuous. Then {Fi,u}u is always equicon-
tinuous for any fixed i.
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As a consequence of Proposition 6.12, we also obtain the following.
Proposition 6.14. Let (Pi, di, νi) and (P∞, d∞, ν∞) be metric measure spaces
and all of (Pi, di) have isometric G-actions satisfying the assumption of
Proposition 6.12, and let
(Pi, di, νi)
mGH
−→ (P∞, d∞, ν∞).
Then there exists a subsequence {(Pik , dik , νik)}k and isometric G-action on
P∞ such that
(Pik , dik , νik)
G-mGH
−→ (P∞, d∞, ν∞).
We also have the noncompact version of Proposition 6.14 as follows.
Proposition 6.15. Let (Pi, di, νi, pi) and (P∞, d∞, ν∞, p∞) be proper pointed
metric measure spaces with isometric G-actions such that
(Pi, di, νi, pi)
mGH
−→ (P∞, d∞, ν∞, p∞).
Assume that {Fi,u}i∈Z≥0,u∈B(pi,ri) is equicontinuous for any convergent se-
quence {ri}i. Then there exists a subsequence {(Pik , dik , νik , pik)}k such that
(Pik , dik , νik , pik)
G-mGH
−→ (P∞, d∞, ν∞, p∞).
Proof. Take a sequence {rm}m such that limm→∞ rm = ∞ and sequences
{rm,i}i such that limi→∞ rm,i = rm. Denote by pii : Pi → Pi/G the quotient
maps. By applying Proposition 6.12 to
pi−1i (B(p¯i, rm,i))
GH
−→ pi−1∞ (B(p¯∞, rm))
inductively and combining with the diagonal argument, we have the assertion.
Remark 6.16. Kasue showed the precompactness of the families of the prin-
cipal G-bundles equipped with the spectral distances in [6], and he discussed
the relation between the spectral distances and the Riemannian distances in
[5].
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Any smooth closed Riemannian manifold (X, g) can be regarded as a
metric measure space by the Riemannian distance dg and the measure
µg
µg(X)
,
where µg is the Riemannian measure. For a principal G-bundle pi : P → X
and a G-connection A on P , let |FA|2(x) := 〈FA(x), FA(x)〉gx⊗σ, where σ is
a AdG-invariant metric on G. Similarly we can define |(d
∇A)∗FA|2(x).
Theorem 6.17. Let {(Xi, gi)}
∞
i=0 be a sequence of closed Riemannian man-
ifolds with
dimXi = n, Ricgi ≥ κgi, diamXi ≤ D
for some constants n, κ,D independent of i, G be a compact Lie group and
pii : Pi → Xi be principal G-bundle with G-connection Ai satisfying
sup
x∈Xi
|(d∇
Ai )∗FAi|(x) < N, sup
x∈Xi
|FAi|(x) < N
for a constant N > 0 independent of i. Then there exists a subsequence {ik}k
and a metric measure space (P∞, d∞, ν∞) with the isometric G-action such
that
(Pik , h(gik , Aik , σ))
G-mGH
−→ (P∞, d∞, ν∞), (Xik , gik)
mGH
−→ (P∞/G, d¯∞, ν¯∞)
where h(gi, Ai, σ) is the metric on Pi defined by (2).
Proof. By the assumption, the Ricci curvatures of h(gi, Ai, σ) are bounded
below by the constant independent of i, hence, {(Pi, h(gi, Ai, σ))}i is precom-
pact with respect to the measured Gromov-Hausdorff topology. Moreover,
the functions Fi,u in the assumption of Proposition 6.12 satisfies Fi,u(γ, γ
′) ≤
dG(γ, γ
′), where dG is the distance induced by σ, accordingly {Fi,u}i,u is
equicontinuous. Therefore, by Proposition 6.12, there exists a convergent
subsequence of {(Pi, h(gi, Ai, σ))}i with respect to the asymptotically G-
equivariant measured Gromov-Hausdorff topology. Finally, to apply Corol-
lary 6.8, it suffices to show that all principal G-bundles pi : P → X over a
compact smooth manifold has a Borel section. Since X is compact, there
is a finite open covering {Uα}
N
α=1 of X such that P |Uα → Uα are trivial
bundles. Put U0α := Uα, U
1
α := X \ Uα and Vσ :=
⋂N
α=1 U
σ(α)
α for a map
σ : {1, . . . , N} → {0, 1}. Then we have X =
⊔
σ Vσ and every P |Vσ → Vσ has
a continuous section sσ : Vσ → P |Vσ . Since Vσ are Borel sets, we have the
Borel section of P → X by gluing {sσ}σ.
Similarly we have the followings by Proposition 6.15.
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Theorem 6.18. Let {(Xi, gi)}
∞
i=0 be a sequence of complete Riemannian
manifolds with
dimXi = n, Ricgi ≥ κgi
for some constants n, κ independent of i, G be a compact Lie group and
pii : Pi → Xi be principal G-bundle with G-connection Ai satisfying
sup
x∈Xi
|(d∇
Ai )∗FAi|(x) < N, sup
x∈Xi
|FAi|(x) < N
for a constant N > 0 independent of i. Let pi ∈ Pi. Then there exists a
subsequence {ik}k and a pointed metric measure space (P∞, d∞, ν∞, p∞) with
the isometric G-action such that
(Pik , h(gik , Aik , σ), pik)
G-mGH
−→ (P∞, d∞, ν∞, p∞),
(Xik , gik , p¯ik)
mGH
−→ (P∞/G, d¯∞, ν¯∞, p¯∞)
where h(gi, Ai, σ) is the metric on Pi defined by (2).
7 Convergence of eigenfunctions
Any closed Riemannian manifold (X, g) can be canonically regarded as the
metric measure space (X, dg,
µg
µg(X)
), where dg is the Riemannian distance of g
and µg is the Riemannian measure. Denote by M(n, κ,D) the set consisting
of isometric classes of metric measure spaces coming from closed Riemannian
manifolds (X, g) with
dimX = n, Ricg ≥ κg, diamX ≤ D,
and let M(n, κ,D) be the closure with respect to the measured Gromov-
Hausdorff distance.
We denote byM(n, κ) the set consisting of pointed metric measure spaces
(X, dg,
µg
µg(B(p,1))
, p), where (X, g) is a complete Riemannian manifold with
dimX = n, Ricg ≥ κg,
p ∈ X and B(p, 1) is the geodesic ball centered at p of radius 1. LetM(n, κ)
be the closure with respect to the pointed measured Gromov-Hausdorff dis-
tance.
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7.1 Convergence of spectral structures
In [7], Kuwae and Shioya introduced the notion of spectral structures for the
Laplacian which enabled us to treat the convergence of eigenvalues in the
systematic way. In this subsection we review the framework developed in [7].
Let Hi be Hilbert spaces over K = R or C for i ∈ Z≥0 ∪ {∞}, C ⊂ H∞
be a dense subspace and Φi : C → Hi be linear operators which satisfy
lim
i→∞
‖Φi(u)‖Hi = ‖u‖H∞ (7)
for any u ∈ C.
Definition 7.1 ([7]). Let ui ∈ Hi for i ∈ Z≥0 ∪ {∞}.
(1) A sequence {ui}i converges to u∞ strongly as i → ∞ if there exists a
sequence {u˜k}k ⊂ H∞ tending to u∞ such that
lim
k→∞
lim sup
i→∞
‖Φi(u˜k)− ui‖Hi = 0.
(2) A sequence {ui}i converges to u∞ weakly as i→∞ if
lim
i→∞
〈ui, vi〉Hi = 0
holds for any (vi)i ∈
∏
i∈Z∪{∞}Hi such that vi → v∞ strongly.
For a Hilbert space H , let A : D(A)→ H be a self-adjoint linear operator
on H , where D(A) is the domain of A, and suppose E is given by E(u) :=
〈Au, u〉H for u ∈ D(A) and E(u) := ∞ for u ∈ H\D(A). Moreover we
assume that E is closed, namely, D(A) is complete with respect to the norm
defined by ‖u‖E :=
√
‖u‖2H + E(u). The spectral structure Σ generated by
A is defined by
Σ := (A, E , E, {Tt}t≥0, {Rζ}ζ∈ρ(A)),
where E is the spectral measure of A, Tt := e
−tA, Rζ = (ζ − A)
−1 and ρ(A)
is the resolvent set of A.
Definition 7.2 ([7]). A sequence of closed quadratic forms {Ei : Hi → R}i
Mosco converges to E∞ : H∞ → R as i→∞ if
(1) E∞(u∞) ≤ lim inf i→∞ Ei(ui) for any {ui}i with ui → u∞ weakly,
(2) for any u∞ ∈ H∞ there exists {ui}i strongly converging to u∞ such that
E∞(u∞) = limi→∞ Ei(ui).
Moreover, {Ei}i compactly converges to E∞ as i→∞ if
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(3) {Ei}i Mosco converges to E∞ as i→∞,
(4) for any {ui}i with lim supi→∞(‖ui‖
2
Hi
+ Ei(ui)) < ∞, there exists a
strongly convergent subsequence.
We write Ei
M
→ E∞ and Ei
cpt
→ E∞, respectively.
Definition 7.3 ([7]). Let Ai be a self-adjoint nonnegative operator onHi and
Σi be the spectral structure generated by Ai. Then {Σi}i strongly converges
to Σ∞ (resp. {Σi}i compactly converges to Σ∞) as i→∞ if Ei
M
→ E∞ (resp.
Ei
cpt
→ E∞) as i→∞.
The authors of [7] have shown that the compact convergence of {Ei}i is
equivalent to the certain convergence of the other materials consisting of Σi.
See Section 2.6 of [7] for the details.
The definitions of the notions in Definition 7.1 and 7.2 depend on the
choice of {Φi}i with (7), however, we can replace it with other {Φˆi : Cˆ → Hi}i
by the following lemma.
Lemma 7.4. Let Cˆ ⊂ C be dense subspaces of H∞. If Φi : C → Hi and
Φˆi : Cˆ → Hi satisfy (7) and limi→∞ ‖Φi(u) − Φˆi(u)‖Hi = 0 for any u ∈ Cˆ,
then ui → u∞ strongly with respect to {Φi}i iff ui → u∞ strongly with respect
to {Φˆi}i.
Proof. Suppose ui → u∞ strongly with respect to {Φˆi}i, that is, there is a
sequence {u˜k}k ⊂ Cˆ tending to u∞ such that
lim
k→∞
lim sup
i→∞
‖Φˆi(u˜k)− ui‖Hi = 0.
Then we have
lim sup
i→∞
‖Φi(u˜k)− ui‖Hi ≤ lim sup
i→∞
‖Φˆi(u˜k)− ui‖Hi
+ lim sup
i→∞
‖Φi(u˜k)− Φˆi(u˜k)‖Hi
= lim sup
i→∞
‖Φˆi(u˜k)− ui‖Hi
for all u˜k, hence ui → u∞ strongly with respect to {Φi}i. The converse follows
by the similar argument since the definition of the strong convergence of {ui}
does not depend on the choice of {u˜k}k tending to u∞.
Now let (Pi, di, νi) ∈ M(n, κ,D) and suppose that {(Pi, di, νi)}i mea-
sured Gromov-Hausdorff converges to (P∞, d∞, ν∞). Then there are Borel
εi-isometries φi : Pi → P∞ such that εi → 0 and φi∗νi → ν∞ as i→∞. Put
Hi := L
2(Pi, νi), C := C(P∞) = {f : P∞ → R; f is continuous.}, Φi(f) :=
f ◦ φi and Σi be the spectral structure generated by ∆νi .
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Theorem 7.5 ([2][7]). If (Pi, di, νi) ∈M(n, κ,D) and
(Pi, di, νi)
mGH
−→ (P∞, d∞, ν∞),
then Σi
cpt
→ Σ∞.
Let (Pi, di, νi, pi) ∈ M(n, κ) and suppose that {(Pi, di, νi, pi)}i pointed
measured Gromov-Hausdorff converges to (P∞, d∞, ν∞, p∞). Let εi, Ri, R
′
i
and φi : B(pi, R
′
i)→ B(p∞, Ri) be as in Remark 6.5. Put Hi := L
2(Pi, νi),
C := C0(P∞) = {f ∈ C(P∞); supp(f) is compact.},
Φi(f)(u) :=
{
f ◦ φi(u) u ∈ B(pi, R
′
i)
0 u /∈ B(pi, R
′
i)
for f ∈ C and Σi be the spectral structure generated by ∆νi .
Theorem 7.6 ([7]). If (Pi, di, νi, pi) ∈M(n, κ) and
(Pi, di, νi, pi)
mGH
−→ (P∞, d∞, ν∞, p∞),
then Σi
str
→ Σ∞.
Suppose that the sequence (Pi, di, νi) have isometric G-actions, then G
acts on Hi = L
2(Pi, νi) isometrically. In the following subsections we are
going to see that we can replace Φi by G-equivariant maps Φˆi which satisfies
the assumptions of Lemma 7.4.
7.2 G-equivariant maps between Hilbert spaces
In this subsection we assume that G is a compact Lie group, (Pi, di, νi) ∈
M(n, κ,D) and (P∞, d∞, ν∞) ∈ M(n, κ,D) have isometric G-actions and
(Pi, di, νi)
G-mGH
−→ (P∞, d∞, ν∞).
Let φi, εi be as in Definition 6.3.
For any γ ∈ G, put Rγ(u) := uγ, then we have (Rγ)∗νi = νi since νi is
the Riemannian measure and G acts on (Pi, di) isometrically. Since we have∣∣∣∣∫
P∞
fd(Rγ ◦ φi)∗νi −
∫
P∞
fdφi∗νi
∣∣∣∣ ≤ sup
u′∈Pi
|f(φi(u
′)γ)− f(φi(u
′γ))| νi(Pi),
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for any continuous function f : P∞ → R and the continuous functions on
compact metric spaces are uniformly continuous, then the vague limit of
{(Rγ ◦ φi)∗νi}i and {(φi ◦Rγ)∗νi}i should coincides, consequently we have∫
P∞
fdRγ∗ν∞ =
∫
P∞
fdν∞
for any continuous function f and γ ∈ G. By [1], ν∞ and Rγ∗ν∞ are Radon
measures, hence we can see
Rγ∗ν∞ = ν∞
for any γ ∈ G.
Now, let
(Pi, di, νi, pi)
G-mGH
−→ (P∞, d∞, ν∞, p∞) ∈M(n, κ).
In this case we also have Rγ∗ν∞ = ν∞ for any γ ∈ G. Similarly as Remark 6.5,
there exist εi, Ri, R
′
i such that limi→∞ εi = 0 and limi→∞Ri = limi→∞R
′
i =
∞ and εi-approximation of G-equivariant isometries φi : pi
−1
i (B(p¯i, R
′
i) →
pi−1∞ (B(p¯∞, Ri)) such that φi(pi) = p∞. We also assume that φi∗νi → ν∞
vaguely. Put Hi := L
2(Pi, νi),
C := C0(P∞) = {f ∈ C(P∞); supp(f) is compact.},
Φi(f)(u) :=
{
f ◦ φi(u) u ∈ pi
−1
i (B(p¯i, R
′
i)
0 u /∈ pi−1i (B(p¯i, R
′
i)
for f ∈ C. Define Φˆi : C → Hi by
Φˆi(f) :=
1
µ(G)
∫
G
R∗γ−1Φi(R
∗
γf)dµ,
where µ is one of the right-invariant measures on G.
Proposition 7.7. Let Φi, Φˆi be as above. Then Φˆi is G-equivariant and
lim
i→∞
‖Φi(f)− Φˆi(f)‖Hi = 0
holds for any f ∈ C.
Proof. It is easy to check that Φˆi is G-equivariant. One can see
‖Φi(f)− Φˆi(f)‖
2
Hi
=
∫
π−1i (B(p¯i,R
′
i)
1
µ(G)2
∣∣∣∣∫
G
(
f ◦ φi(u)− f(φi(uγ
−1)γ)
)
dµ(γ)
∣∣∣∣2 dνi(u).
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Since νi is G-invariant, we have
‖Φi(f)− Φˆi(f)‖
2
Hi
=
1
µ(G)2
∫
π−1i (B(p¯i,R
′
i)
∣∣∣∣∫
G
(f ◦ φi(uγ)− f(φi(u)γ)) dµ(γ)
∣∣∣∣2 dνi(u).
Recall that the support of f is compact. Then f is uniformly continuous,
hence for any ε > 0 there exists δ > 0 such that d∞(u0, u1) < δ implies
|f(u0)− f(u1)| < ε. If we take iε such that εi < δ holds for any i ≥ iε, then
we can see |f ◦ φi(uγ) − f(φi(u)γ)| < ε for any u ∈ pi
−1
i (B(p¯i, R
′
i)), γ ∈ G
and i ≥ iε, and |f ◦ φi(uγ)− f(φi(u)γ)| = 0 for u /∈ φ
−1
i (supp(f) ·G), which
gives
‖Φi(f)− Φˆi(f)‖
2
Hi
= ε2νi
(
φ−1i (supp(f) ·G)
)
.
By the same argument in the proof of Corollary 6.11, we have
lim sup
i→∞
νi
(
φ−1i (supp(f) ·G)
)
<∞,
which implies the assertion.
8 Spectral structures with group actions
Let Hi, C,Φi : C → Hi be as in Section 7.1, and Σi be the spectral structures
generated by Ai : D(Ai) → Hi. In this section we observe some spectral
structures induced from Σi.
8.1 Tensor products
Let V be a real vector space of dimension k with a positive definite inner
product. Then Hi⊗ V are Hilbert spaces whose inner products are given by〈∑
α
uα ⊗ eα,
∑
α
vα ⊗ eα
〉
Hi⊗V
=
∑
α
〈uα, vα〉Hi,
where e1, . . . , ek ∈ V is an orthonormal basis and u
α, vα ∈ Hi. Then C ⊗V is
dense in H∞⊗V and we define Φ
V
i : C ⊗V → Hi⊗V by Φ
V
i (
∑
α u
α⊗ eα) :=∑
αΦi(u
α)⊗ eα. Then we can check the followings easily.
Proposition 8.1. Let uαi ∈ Hi.
(1)
∑
α u
α
i ⊗ eα →
∑
α u
α
∞ ⊗ eα strongly iff u
α
i → u
α
∞ strongly for all α.
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(2)
∑
α u
α
i ⊗ eα →
∑
α u
α
∞ ⊗ eα weakly iff u
α
i → u
α
∞ weakly for all α.
Let AVi : D(Ai)⊗ V → Hi ⊗ V be defined by
AVi (
∑
α
uα ⊗ eα) :=
∑
α
Ai(u
α)⊗ eα
and put EVi (u) := 〈A
V
i (u), u〉Hi, then we have E
V
i (
∑
α u
α ⊗ eα) =
∑
α Ei(u
α).
Proposition 8.2.
(1) If Ei is closed, then E
V
i is closed.
(2) If Ei
M
→ E∞ (resp. Ei
cpt
→ E∞), then E
V
i
M
→ EV∞ (resp. E
V
i
cpt
→ EV∞).
Proof. (1) is obvious. We show (2). Suppose Ei
M
→ E∞. If
∑
α u
α
i ⊗ eα →∑
α u
α
∞⊗ eα weakly, then by Proposition 8.1 we can see u
α
i → u
α
∞ weakly for
any α and
EV∞
(∑
α
uα∞ ⊗ eα
)
=
∑
α
E∞(u
α
∞) ≤
∑
α
lim inf
i→∞
Ei(u
α
i )
≤ lim inf
i→∞
∑
α
Ei(u
α
i )
= lim inf
i→∞
EVi
(∑
α
uα∞ ⊗ eα
)
.
Next we take
∑
α u
α
∞⊗eα ∈ H∞⊗V arbitrarily. By the assumption there are
uαi ∈ Hi such that u
α
i → u
α
∞ strongly and E∞(u
α
∞) = limi→∞ Ei(u
α
i ). Then∑
α u
α
i ⊗ eα →
∑
α u
α
∞ ⊗ eα strongly by Proposition 8.1 and we obtain
EV∞
(∑
α
uα∞ ⊗ eα
)
=
∑
α
E∞(u
α
∞) =
∑
α
lim
i→∞
Ei(u
α
i )
= lim
i→∞
∑
α
Ei(u
α
i )
= lim
i→∞
EVi
(∑
α
uα∞ ⊗ eα
)
.
Finally, we take {
∑
α u
α
i ⊗ eα}i such that
lim sup
i→∞
∥∥∥∥∥∑
α
uαi ⊗ eα
∥∥∥∥∥
2
Hi
+ EVi
(∑
α
uαi ⊗ eα
) <∞.
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Since ∥∥∥∥∥∑
α
uαi ⊗ eα
∥∥∥∥∥
2
Hi
+ EVi
(∑
α
uαi ⊗ eα
)
=
∑
α
{‖uαi ‖
2
Hi
+ Ei(u
α
i )},
we have lim supi→∞ ‖u
α
i ‖
2
Hi
+ Ei(u
α
i ) < ∞ for all α. Then we have a sub-
sequence {ij}j ⊂ {i}i such that {u
α
ij
}j strongly converge for all α if Ei
cpt
→
E∞. Then {
∑
α u
α
ij
⊗ eα}j strongly converges to some points by Proposition
8.1.
As a consequence, we obtain the following.
Proposition 8.3. Let ΣVi be the spectral structure on H
V
i generated by A
V
i .
If Σi
str
→ Σ∞ (resp. Σi
cpt
→ Σ∞), then Σ
V
i
str
→ ΣV∞ (resp. Σ
V
i
cpt
→ ΣV∞).
8.2 Closed subspaces
LetKi ⊂ Hi be closed subspaces. In this subsection we assume the followings.
(i) For C′ := C ∩ K∞ and C
′′ := C ∩ K⊥∞, we have the decomposition
C = C′ ⊕ C′′.
(ii) Φi(C
′) ⊂ Ki and Φi(C
′′) ⊂ K⊥i .
Moreover, denote by piKi : Hi → Ki and piK⊥i : Hi → K
⊥
i the orthogonal
projections.
Proposition 8.4. Let ui ∈ Hi and ui → u∞ strongly with respect to {Φi}i.
Then piKi(ui)→ piK∞(u∞) strongly with respect to {Φi|C′}i.
Proof. Suppose {u˜k}k ∈ C converges to u∞ and satisfies
lim
k→∞
lim sup
i→∞
‖Φi(u˜k)− ui‖Hi = 0.
Take {u˜′k}k ⊂ C
′ and {u˜′′k}k ⊂ C
′′ such that u˜k = u˜
′
k + u˜
′′
k. Then
‖Φi(u˜k)− ui‖
2
Hi
= ‖Φi(u˜
′
k)− piKi(ui)‖
2
Hi
+ ‖Φi(u˜
′′
k)− piK⊥i (ui)‖
2
Hi
holds, which gives
lim
k→∞
lim sup
i→∞
‖Φi(u˜
′
k)− piKi(ui)‖Hi = 0.
Since u˜′k → piK∞(u∞), we have the assertion.
Proposition 8.5. Let ui ∈ Ki.
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(1) ui → u∞ strongly with respect to {Φi|C′}i iff ui → u∞ strongly with
respect to {Φi}i.
(2) ui → u∞ weakly with respect to {Φi|C′}i iff ui → u∞ weakly with respect
to {Φi}i.
Proof. Suppose ui → u∞ strongly with respect to {Φi}i. Then there is u˜k ∈ C
converging to u∞ as k →∞ such that
lim
k→∞
lim sup
i→∞
‖Φi(u˜k)− ui‖Hi = 0.
Since {piK∞u˜k}k ⊂ C
′ converges to u∞, we can show that ui → u∞ strongly
with respect to {Φi|C′}i. The converse is trivial.
Next we show (2). Suppose ui → u∞ weakly with respect to {Φi|C′}i.
Then it suffices to show that limi→∞〈ui, vi〉 for any strongly converging se-
quence vi ∈ Hi. Since piKi(vi) → piK∞(v∞) strongly with respect to {Φi} by
the previous proposition, then piKi(vi) → piK∞(v∞) strongly with respect to
{Φi|C′} by (1). Then we can deduce that
lim
i→∞
〈ui, vi〉 = lim
i→∞
〈ui, piKi(vi)〉 = 〈u∞, piK∞(v∞)〉.
The converse is trivial.
Assume that Ai preserves the decomposition Hi = Ki ⊕ K
⊥
i in the fol-
lowing sense;
(iii) D(Ai) = D(Ai) ∩Ki ⊕D(Ai) ∩K
⊥
i ,
(iv) Ai(D(Ai) ∩Ki) ⊂ Ki and Ai(D(Ai) ∩K
⊥
i ) ⊂ K
⊥
i .
We can see that Ei|Ki is closed quadratic form on Ki since Ei is closed.
Moreover, we have the followings by combining Propositions 8.4 and 8.5.
Proposition 8.6. If Ei
M
→ E∞ (resp. Ei
cpt
→ E∞), then Ei|Ki
M
→ E∞|K∞ (resp.
Ei|Ki
cpt
→ E∞|K∞).
Proposition 8.7. Let Σi|Ki be the spectral structure on Ki generated by
Ai|D(Ai)∩Ki. If Σi
str
→ Σ∞ (resp. Σi
cpt
→ Σ∞), then Σi|Ki
str
→ Σ∞|K∞ (resp.
Σi|Ki
cpt
→ Σ∞|K∞).
8.3 G-invariant subspaces
Now let G be a compact topological group and (ρ, V ) be a unitary repre-
sentation of G. Suppose G acts isometrically on each Hi, G · C ⊂ C and Φi
are all G-equivariant. Then (C ⊗ V )G is dense in (H∞ ⊗ V )
G and Φi and Σi
induce Φρi := Φ
V
i |(C⊗V )G : (C ⊗ V )
G → (Hi ⊗ V )
G and Σρi := Σ
V
i |(Hi⊗V )G . By
Propositions 8.3 and 8.7, we have the following result.
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Proposition 8.8. If Σi
str
→ Σ∞ (resp. Σi
cpt
→ Σ∞), then Σ
ρ
i
str
→ Σρ∞ (resp.
Σρi
cpt
→ Σρ∞).
9 Main result
Combining Propositions 7.7 and 8.8 we have the following result.
Theorem 9.1. Let G be a compact Lie group,
(Pi, di, νi) ∈M(n, κ,D), (P∞, d∞, ν∞) ∈M(n, κ,D)
(resp. (Pi, di, νi, pi) ∈M(n, κ), (P∞, d∞, ν∞, p∞) ∈M(n, κ))
have isometric G-actions and
(Pi, di, νi)
G-mGH
−→ (P∞, d∞, ν∞).
(resp. (Pi, di, νi, pi)
G-mGH
−→ (P∞, d∞, ν∞).)
Let Σi be the spectral structures generated by ∆νi and (ρ, V ) be a finite di-
mensional unitary representation of G. Then Σρi
cpt
→ Σρ∞ (resp. Σ
ρ
i
str
→ Σρ∞)
as i→∞.
Next we show the convergence of the eigenvalues and eigenfunctions. For
(P, d, ν) ∈ M(n, κ,D) with an isometric G-action, (L2(P, ν) ⊗ V )G may be
of finite dimension. In this case, the j-th eigenvalue of the Laplacian acting
on (L2(P, ν)⊗ V )G is defined to be infinity if
j > dim(L2(P, ν)⊗ V )G.
Theorem 9.2. Let G be a compact Lie group, (Pi, di, νi) ∈M(n, κ,D) have
isometric G-actions for all i ∈ Z≥0 ∪ {∞} and
(Pi, di, νi)
G-mGH
−→ (P∞, d∞, ν∞).
Denote by λρi,j the j-th eigenvalue of ∆νi : (D(∆νi) ⊗ V )
G → (L2(Pi) ⊗ V )
G
with maultiplicity and let {f∞,j}
N
j=1 be the complete orthonormal system of
(L2(P∞) ⊗ V )
G, where N = dim(L2(P∞) ⊗ V )
G, such that ∆ν∞f∞,j =
λρ∞,jf∞,j. Then we have
lim
i→∞
λρi,j = λ
ρ
∞,j
for all j =∈ Z>0, and there are orthonormal systems {fi,j}
N
j=1 of (L
2(Pi) ⊗
V )G such that ∆νifi,j = λ
ρ
i,jfi,j and limi→∞ ‖fi,j − f∞,j ◦ φi‖L2 = 0, where φi
is defined as in Definition 6.2.
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Proof. Let Φˆi be as in Proposition 7.7 and Φˆ
ρ
i be as in Section 8.3. By
Theorem 6.27 of [2], every eigenfunctions f∞,j is in C = (C(P∞) ⊗ V )
G.
Then by applying Corollary 2.5 of [7] to our case, we have the assertion.
Let P be a principal G-bundle, A be a G-connection on P , (ρ, V ) be a real
unitary irreducible representation of G. Put Eρ = P ×ρ V and let ∇ = ∇
A is
induced from A, and λ∇j be the j-th eigenvalue of the rough Laplacian ∇
∗∇.
As a consequence of the above theorem, we have the following result.
Theorem 9.3. Let G be a compact Lie group. For any κ ∈ R, D,N > 0,
there exist constants 0 ≤ Cj depending only on j, n, κ,D,N,G, ρ, V such
that limj→∞Cj = ∞ and the following holds. For any closed Riemannian
manifold (X, g) of dimension n and principal G-bundle pi : P → X with the
G-connection A such that
dimX = n, Ricg ≥ κg, diamX ≤ D,
‖(d∇
A
)∗FA‖L∞ ≤ N, ‖F
A‖L∞ ≤ N,
we have
λ∇
A
j ≥ Cj.
Proof. For fixed n, κ,D,N , let MG(n, κ,D,N, σ) be the space consists of
isometric classes of the Riemannian manifold (P, h(g, A, σ)) satisfying the as-
sumptions. By Theorem 6.17, MG(n, κ,D,N, σ) is precompact with respect
to the asymptotically G-equivariant measured Gromov-Hausdorff topology.
The function which maps (P, h(g, A, σ)) to λ∇j = λ
ρ
j − χσ,ρ is continuous by
Section 3 and Theorem 9.2. Now we deny the conclusion. Suppose there are
a constant B > 0, an increasing sequence 1 ≤ j1 < j2 < j3 < · · · , princi-
pal bundles Pk → Xk with G-connections Ak such that λ
∇Ak
jk
≤ B for every
k. Then by the precompactness of MG(n, κ,D,N, σ), there exists the limit
(P, d, ν) of some subsequences of {Pk}k. On (P, d, ν), one can check that
λρj ≤ B + χρ,σ for all j, hence we have the contradiction.
Remark 9.4. We cannot give the uniform upper bound of the eigenvalues
without adding the assumptions since the eigenvalues become∞ if (L2(P )⊗
V )G is of finite dimension.
Theorem 9.5. Let G be a compact Lie group, (Pi, di, νi, pi) ∈M(n, κ) have
isometric G-actions for all i ∈ Z≥0 ∪ {∞} and
(Pi, di, νi, pi)
G-mGH
−→ (P∞, d∞, ν∞, p∞).
Denote by σ(∆νi) ⊂ R the set consists of all eigenvalues of ∆νi : (D(∆νi) ⊗
V )G → (L2(Pi)⊗ V )
G. Then for any λ ∈ σ(∆ν∞) there are λi ∈ σ(∆νi) such
that limi→∞ λi = λ.
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Proof. It follows from Theorem 9.1 and Proposition 2.5 of [7].
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